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Abstract

Lagrangian and Arbitrary Lagrangian Eulerian (ALE) hydrodynamics
codes such as FLAG form the backbone of many mission-critical multi-
physics simulations at Los Alamos National Laboratory. Critical to pre-
forming high fidelity simulations with these codes are Lagrangian and
ALE contact algorithms, which allow materials to collide, slide, and sep-
arate throughout a simulation. Current Lagrangian and ALE contact
algorithms do not have the ability to track individual material velocities
across sub-zonal material interfaces, which is essential to integrating con-
tact and sliding with a diverse range of multi-physics capabilities. We
develop such an ALE contact algorithm which has the capability to oper-
ate on sub-zonal material interfaces and on one simply connected mesh in
a single dimension. This is performed by evolving each material within a
lagrangian mesh individually, and then correcting the position of each ma-
terial with a contact force, calculated using the overfill between materials,
so that material polygon and nodal positions align with that of a single-
velocity mesh. An optional first-order remapping procedure to a universal
mesh may then be used so that void may be removed or injected from a
cell. Our algorithm is tested on a variety of one-dimensional test cases,
and is able to converge to analytical solutions when available, as well as
conserve total energy. Future work involves extending our results to two
and three dimensions, implementing a higher order remapping procedure,
and implementing the algorithm in FLAG.

1 Introduction

Hydrodynamics simulations often involve a variety of phenomena, such as large
deformations, contact mechanics, and multi-physics capabilities. Current meth-
ods, however, can model at most two of these three capabilities, which presents
a pressing issue, as many multi-physics simulations rely on high-fidelity con-
tact mechanics and large deformation mechanics. Multi-mesh contact methods



such as slidelines and overset meshes, while able to model large deformations
and contact mechanics, are lacking in multi-physics capabilities because of their
usage of more than one mesh [7]. Current Arbitrary Lagrange-Eulerian (ALE)
methods, while able to model large deformations with multi-physics capabilities,
are limited in their ability to accurately model contact and sliding between ma-
terials, as their usage of a single velocity that is shared between materials causes
them to stick together [3]. We propose a method to add multi-velocity capabil-
ities to ALE hydrodynamics by allowing materials to evolve independently of
one another, which is followed by a correction through a contact force.

We consider a single-dimension multi-velocity Staggered Grid Hydrodynam-
ics (SGH) formulation wherein cell and nodal-based material quantities are first
evolved in a Lagrangian timestep, that uses a predictor-corrector scheme. At
the end of each predictor/corrector sub-step, contact forces, calculated from the
overfill between adjacent materials, correct material polygon and nodal positions
and velocities to exactly match that of a single-velocity mesh. Each Largangian
timestep is followed by a first order remapping to a universal mesh with equidis-
tant mesh nodes. The remapping procedure is used to allow void to be injected
and removed from cells and to prevent cell volumes from approaching zero. The
use of a purely-Lagrangian approach can lead to issues when dealing with cells
filled entirely with void.

We test this approach on a variety of one dimensional test cases, showing
that our results converge to analytical results (when available), and that total
energy is conserved.

Our approach is limited by the remap procedure, which poses an over-
constrained problem when one attempts to conserve mass, momentum, kinetic
energy, internal energy, and total energy. One can, however, choose to conserve
mass, momentum, and total energy through a kinetic energy fix, which perturbs
potential energy in response to changes in the kinetic energy after the remap in
order to conserve total energy.

This paper is structured as follows. Section 2 introduces the partial differen-
tial equations which govern the evolution of momentum and internal energy in
a Lagrangian reference frame, as well as our equation of state. Section 3 intro-
duces the Staggered Grid Hydrodynamics (SGH) formulation of our hydrody-
namics simulations as well as the predictor-corrector scheme used to discretize
the equations from §2. Section 4 details our approach for adding multi-velocity
capabilities, detailing the step-by-step algorithm; how overfill and contact forces
are calculated; and the mechanism behind our remap procedure. Section 5 shows
results from running our method on a variety of test cases. Section 6 summarizes
and concludes our findings.

2 Governing Equations

The partial differential equations governing momentum and internal energy are
written in the Lagrangian reference frame as
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pa—&-Vp:O (1)
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where p is the density, p is the pressure, ¢ is the specific internal energy, and u
is the velocity [2]. In the Lagrangian reference frame the mass of a fluid parcel
is constant, so the specific volume 7 can be calculated as 7 = V/M =1/p.

The pressure is a function of the density and specific internal energy p =
P(p,e) = P(r,€), which is given by the stiffened gas equation of state as

p=pe(y —1) = 1P (3)

The stiffened gas sound speed cs is given as

s — 1P E D) (4)

p

The stiffened gas equation of state was chosen for its ability to faithfully model
both gases and liquids. For ideal gases, po = 0.

3 Staggered Grid Hydrodynamics (SGH)

For our staggered discretization of the governing equations we use the predictor-
corrector scheme detailed in [2]. Thermodynamic variables exist at cell-centers
and kinematic variables exist at cell edges. Cell-centered quantities are denoted
with half indices (-)it1/2, (-)i—1/2, (-)i+3/2, while node-centered quantities are
denoted with whole indices (-);, (+)i—1,(:)i+1. The cell-centered quantities in-
clude the cell mass M; /2, cell volume Vi /s, cell density p;; /2, cell specific
volume 7; 12, cell specific internal energy €;,1 /2, cell pressure p;; /2, and cell
sound speed ¢s;;1/2- The node-centered quantities include the mesh node loca-
tion x; and z; + 1, the node velocities u; and u; 1, and the node masses m; and
mi+1. The cell volume Vi, 1,5 can be obtained from the mesh node locations z;
and xz; + 1 as Vi41/2 = 2441 — ;. The cell node locations are governed by the

equation
dl’i
il (5)

3.1 Predictor-Corrector Method

The governing equations 1, 2, and 5 can be solved using a predictor-corrector
method, as described in [2]. Time levels are denoted with superscripts (-)™. The
scheme is as follows:

Predictor
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In order to decrease oscillations for problems with discontinuous solutions, it
is necessary to augment the pressure by an artificial viscosity. This adds extra
numerical dissipation to the solution. We use the linear-plus-quadratic model
of von Neumann and Richtmyer [8]

A“?+1/2 = Uiy — g (20)

n 0 if Auf /22 0
Qiv1/2 = .
1/ —le?+1/2cs?+1/2Au?+l/2 + Vgp?+1/2(Au?+1/2)2 otherwise
(21)

where v; and vy are the coefficients of the linear and quadratic contributions
and are given values of 1 and 0.1, respectively. The artificial viscosity is added
in the predictor and corrector steps such that in the predictor p = p + ¢ and in
the corrector p =p+q, p* =p* +q.

4 Multi-Material and Multi-Velocity

For multi-material and multi-velocity problems, thermodynamic and kinematic
variables now have an additional material index, (-)mq¢- It is also necessary to



introduce cell-based quantities, which are not located at the cell centers or cell
nodes but instead have a value for a given cell. For a cell C;, these include the
material volume fraction ¢; pq+, the overfill 6;, and the material polygon volume
Vimat-

4.1 Algorithm Overview

Algorithm 1 Multi-Velocity Time-Step Evolution Algorithm

1. Evolve per material meshes using per material velocities
2. Evolve single velocity mesh using single velocity (standard SGH)

3. Compute intersection of material polygons from their per material
meshes into the single velocity mesh

4. Compute the cell-based overfill on the single velocity mesh
5. Compute the node-centered contact forces from the overfill

6. Re-evolve the per material meshes using their per material velocities,
now including the contact forces

7. Evolve the thermodynamic variables from the new per material meshes

8. Optionally, remap quantities to a universal mesh of interest

4.2 Overfill

After intersecting the per material mesh material polygons into the single ve-
locity mesh, we can calculate the overfill as

0; = Z Vimat — Vit1/2 (22)

mateC;

where V; mqt is the volume of a material mat within cell C; and Vi /5 is the
volume of cell C;.

4.3 Contact Forces
4.3.1 Generalized Contact Forces for Overfills in Multi-Material Cells

For the case in which overfill occurs between two materials that both occupy
the same multi-material cell, a general equation for contact forces must be for-
mulated. It is important to note that this case includes a sub-case wherein the
material interface is near a node position and overfill occurs within both the cell
that contains the interface and an adjacent cell; this case is treated by summing
the overfills within both cells into one overfill, denoted 6;. Consider a material
maty, which inhabits cells C;_1 and C; and a material mat g which inhabits cells



C; and Cjy1, and that both materials evolve independently such that overfill

occurs:

mat;, C;_; C matg, G4

]
p—....

X; Xivg

Figure 1: Overfill occurring within a multi-material cell

Before the evolution, the per material and single-velocity mesh SVM nodes
at x; and x;41 are all in agreement with each other, and we denote these values
x} and xf, ;. After the evolution, the per material and SVM mesh nodes evolve

to:
nhl = —At2 Fimaty, + At -ul
i,maty, * Wimat
E 2 Mi maty, g
At F,
anrl _ i+1,maty, + At - u?
i+1,maty, — " %it1,mat
+ E 2 Miy1maty g
nhl = —At2 Fimatn + At-ul
i,matr — T Wi,mat
R 2 mi,matR "
At F,
n+1 _ i+1,matr + At u?
i+1,matr — " Yit1,mat
R 2 mi+1,matR "
At? F;
n+1 _ 1,SV M At -yl
TisvMm = o + U SV M
mi,matL + mi,matR
2 )
anrlS _ At FZJrLSVM + At-ul LSV ar
i+1,SVM = 5 i1,
’ 2 Mit+1,mat;, T Mi+1,matp
where

Fi mat, = Pi—1/2,matr, — Pit1/2,maty Pit1/2,matr,
FiJrl,matL = ¢i+1/2,matLpi+1/2,matL
Fimatr = —®it1/2,mat gPi+1/2,matr

Fit1matr = Pit1/2,matrPit1/2,matr — Pit+3/2,matr



Fi svM = Di—1/2,mat, — Pit1/2,maty Pit1/2,maty — Pit1/2,matrPit1/2,maty (33)

Fiy1,5vm = ¢i+1/2,matLpi+1/2,matL + ¢i+1/2,matRpi+1/2,matR — Pit3/2,matr
(34)
Consider a material mat on nodes ¢ and i + 1 evolved by forces Fj pqt
and Fii1,mat, respectively. We would like to apply the contact forces F, C

1,mat
C : : n+1,C _ n+l n+1,C _
and Fi+17mat to it, respectively, such that Timat = TisvM and Tl mat =
n+1 . .
T gy > Which would require:
2 I c
n+1,C _ At Fz,mat +Fi,mat +At' n _,..n+1 (35)
xi,mat - 2 . ui,mat - ‘ri,SVM
mi,mat
2 c
n+1,C At Fz+1,mat +Fi+1,mat At n _ n+1 36
i+1mat = o et + AL U1 mat = Tig1 SV M (36)
i+1,ma

Using 35 and 36 to solve for general forms of the contact forces yields:

¢ MimatFisvm | 2 n n
Fimat =+ Emi,mat(ui7SVM = U mat) = Fimat (37)
Zmat mi,mat

c  Miptmatlivisvm | 2 n n
Fiima = + A ThitLmat (uiv1 svamr = Wit1,mat) = Fit1.mat
Emat mi,mat t
(38)

Using equations 37 and 38, specific per-material contact forces may be com-
puted. It is important to note that for this case, the computation for the contact
force is no longer dependent on overfill. Additionally, because of the remapping
procedure described in §4.4, it may not be assumed that in the previous timestep

n S n P n n - n — n
that ui 0, = Ulmat, = Ui sy DOT that wilyy oy =Wl 0, = Wi svm-

4.3.2 Contact Forces for Overfills Between Pure-Material Cells

A special case for calculating contact forces arises if only one material exists
within a given cell at the beginning of a timestep. When this is the case, such
a cell is called a “pure cell”. When two pure cells overfill into each other, we
have pure cell overfill, as seen in figure 2. It is important to note that this
case includes situations where one or both of these cells additionally include a
small amount of void. Consider a material maty which inhabits cell C;_1 and
a material matgr which inhabits the adjacent cell C;, and that both materials
evolve independently such that overfill occurs:



mat;, Ci_, matg, C;
Xi1 X; Xiv1

Figure 2: Overfill occurring between two adjacent pure-material cells

Before the evolution, the per material and single-velocity mesh (SVM) mesh
nodes at the interface are are all equal to each other and we denote this value
x. After the evolution, the per material and SVM mesh nodes evolve to:

At? ¢4 Pi—
+1 _ i—1/2,mat Pi—1/2,matr,
ZmatL - 2 ms : + At : uZmatL (39)
i,maty,
AtQ ¢ .
+1 o i+1/2,mat g Pi+1/2,mat
ZmatR - ) m_R . “ + At - uZmatR (40)
i,matr
il At Gi_1/2,mat, Pim1/2,maty, — Pit1/2,matxPi+1/2,mat g n
Tisvm = 5 + At - il sy
’ 2 ™M maty, + Mi,matgr ’
(41)
We would like to add a contact force Fgmat to the forces already applied
to the individual-material nodes such that x?;ztc = x:"g‘l/ > Where mf#atc is

the position of node 7 for a material mat after contact forces have been applied,
which would require:

c
1, A Gi—1/2,mat, Pi—1/2,maty + Fimat,

1
- = + At - ul ="t (42)
t ,mat SV M
i,maty, 9 M maty, i,matr 7,S
C
n+1,C At? ¢i+1/2,matRpi+1/2,matR +Fi,matR At -yl a4l 43
i,matg — "9 i + “Wimatr — Li,SVM ( )
Mi,matgr

Assuming a contact force of the form Ffmat = Mjmare - 0;, that 6; =
z:_n%th — xzﬁlm, solving for the contact forces using 42 and 43 yields the

following set of equations:

-2 m; i 0
FC _ i,matr, i 44
bmaty ¢i—l,matL At2 ( )

c 2 Mymaty - izt (45)

F =
1,matpr 2
’ ¢i,matR At

These equations are a special case of the general forms of the contact forces
(equations 37 and 38)




4.3.3 Telescoping Contact Forces

In order to ensure conservation of momentum when a contact force is applied
on two materials, mat; and matg, it is imperative that the total force on each
material be equal and opposite.

For both the pure cell contact forces and the multi-material cell contact
forces, it can be shown that in the formulations above the total force on the left
material is always equal and opposite the total force on the right material

4.4 Remap

The per material mass, internal energy, and momentum are remapped from the
per material meshes to a desired universal mesh after the corrector step in the
algorithm. The per material meshes are the source mesh and the universal mesh
is the target mesh. An exact intersection based remap is performed. To remap
these conserved quantities, an cell-based intensive form of the quantity is first
constructed. For the mass and internal energy, these quantities are simple to
construct as they are just the material cell density p; 1,2, and the material cell
density times the specific internal energy p;11/2€i41/2. The cell-based intensive
momentum is more difficult to construct, since the velocities exist at cell nodes
and not at cell centers. A zonal momentum for cell C; is computed as

1
Hiy1/2 = §Mi+1/2(ui + Uit1). (46)

The intensive zonal momentum can then be calculated as

- Hit1/2
Hivij2 = v - (47)

1/ Vit1/2
The intensive zonal momentum can now be remapped using the same pro-
cedure as the density and intensive internal energy. After remapping the zonal
momentum, it must be distributed to the nodes on the target mesh. This is

done as
1 1

M = 5 Hi-1/2 + SHit1/2: (48)

The nodal velocity can then be obtained using the remapped nodal mass, m;,
as

Hi
p—_ 49

4.4.1 Kinetic Energy Fix

Ideally, all the quantities of interest (mass, momentum, internal energy, kinetic
energy, total energy) are conserved through a remap. In reality, this is an
over-constrained problem and we can only choose to conserve three of these.
If mass and momentum are conservatively remapped to the target mesh, then
the mass and velocity on the target mesh are defined. Since kinetic energy is
only a function of mass and velocity, KE = %mzﬁ, its value on the target mesh



is already fixed. In general, the kinetic energy calculated from the remapped
mass and velocity will differ from the kinetic energy on the source mesh. If
total energy conservation is more important than internal energy conservation,
a kinetic energy fix can be applied. This will result in conservation of total
energy at the cost of internal and kinetic energy conservation.

Algorithm 2 Zonal Kinetic Energy Fix

1. Remap an intensive zonal kinetic energy conservatively

2. Compute zonal discrepancy between remapped kinetic energy and kinetic
energy obtained from remapped mass and velocity

3. Add kinetic energy difference to the zone’s internal energy

4.5 Void

Multi-velocity and remap allows us to solve problems that involve materials
moving into and out of void. Void is a special material that represents a vacuum.
It has zero mass, density, pressure, and specific internal energy and has no
velocity. Therefore, it must be treated specially or else issues will arise with
dividing by zero in the code. Materials can be initially separated by void and
move through it, thus removing the void. Void can also be created when two
stiffened gases separate from each other. In order to allow materials to move
through void or create void as they separate, a remap procedure must be done.
If the scheme were to stay purely Lagrangian, issues would potentially arise with
cell volumes going to zero where void is present.

4.6 Closure Model for Multi-Material Cells

Within multi-material cells, the change in material properties must be deter-
mined. This is often done by specifying the relative compressibility of materials.
In this work, the model of equal volumetric strain is used [1]. This enforces
equal compressibility among materials within a cell, such that all materials
change their volume by the same relative amount. In other words, a mate-
rial’s volume fraction remains constant. Other pressure closure models exist for
multi-material cells, such as the model discussed in [3], that more accurately
capture the interface physics between materials.

4.7 Updated Multi-Velocity Predictor-Corrector Method

The updated predictor-corrector scheme for multi-material, multi-velocity prob-
lems is as follows:

4.7.1 Predictor
Per Material Mesh Update

10
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n+lx _ n n n n n

i,mat — “i,mat ; (¢i+1/2,mat "Pit1/2,mat — ¢i71/2,mat 'pi71/2,mat)
mMi mat
(50)
n+1/2% 1 n n+1,% 51
i,mat - §(ui,mat + ui,mat ) ( )
n+lx _ n n+1/2%
xi,mat - xi,mat + Atui,mat (52)
n+1,% _on+lx n+1,*
‘/i+1/2,mat - xiJrl,mat — Yi,mat (53)
(54)
Single Velocity Mesh Update
n+1,*

n
i,SVM — Wi svM—

At
Z (¢?+1/2,mat ’ pzn+1/2,mat - (bznfl/Z,mat .p;ll/Q,mat)

mateC; ™Mi mat

(55)

nt1/2x _ Lo 1 x
U svm = §(U¢,SVM + U svi) (56)

n+lx _ n n+1/2,%

Ty gvi = Tisvm T Atug gy (57)

n—+1,x% _ o on+1x n+1,*
ViiiasvM = Tir1,5vM — LisvM (58)
(59)

After evolving the per material meshes and the single velocity mesh, the
material polygons from the per material meshes are remapped into the single
velocity mesh. The overfill is then computed on the single velocity mesh using
equation 22 and the contact forces are computed using equations 37-38 or ?7-?7
depending on whether the cells are pure or multi-material.

Re-Evolution of Per Material Meshes

ui,mat = ui,mat_
At (¢n e _¢n L _FC' )
, i+1/2,mat " Pit1/2,mat i—1/2,mat " Pi—1/2,mat i,mat
ml,mat
(60)
n+1/2,% n n+1,x*
i,mat - §(ui,mat + Ui mat ) (61)
n+lx _ n n+1/2,%
xi,mat - ‘Ti,mat + Atui,mat (62)
n+1,* _on+lx n+1,%
‘/i+1/2,mat - xiJrl,mat — Yi,mat (63)
(64)

Evolution of Thermodynamic Variables

11



n+1,* _ n . n+1,* _
Ti+1/2,mat — %i4+1/2,mat Vvi+1/2’mat/MZ+1/2,mat (65)
n+1,% _n _
€it1/2,mat — Cit1/2,mat
At
n n n+1/2,% n+1/2,x
M'+1/2 . ¢i+1/2,mat : pi+1/2,mat(ui+1,mat — U mat )+
i ,ma
1 C n+1/2,% FC n+1/2,% 66
D) E ( imat * Wimat T i+1,mat'ui+1,mat) (66)
mateC;
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pi+1/2,mat - P(Ti+1/2,mat’ Ei+1/2,mat) (67)

4.7.2 Corrector

The corrector step is similar to the predictor step, with the exception of an op-
tional remap of quantities to a desired universal mesh at the end of the timestep.

Per Material Mesh Update

1 At
+1 _ +1,
uZmat - u?,mat - 57( ?+1/2,mat : [p?+1/2,mat +p?+1/;,mat]_
M mat
+1,%
¢?+1/2,mat : [p'?—l/Q,mat +p?—1/2,matD (68)
+172 1 41
Zmat - 5( zn,mat + uZmat) (69)
+1 _ +1/2
x?,mat - ‘r;imat + At’u’me& (70)
+1 _ ,n+l +1
V;Zl/zmat =2 L mat — Tiomat (71)
(72)
Single Velocity Mesh Update
1 At
+1 +1,
uZSVM = “ZSVM 3 Z e (¢7,n+l/2,mat : [p?Jrl/Z,mat +p?+1/;,mat]_
mateC; i,mat
+1,
¢?+1/2,mat : [pzlfl/Q,mat +p?71/>2k,mat]) (73)
4172 1 +1
U SVt = 5(“28\/1\/{ + Ui Svm) (74)
1 +1/2
"E?—S‘FVM =Tigym + At“?,sv{vl (75)
+1 _ on+l +1
Viil/z,SVM = 5‘9?+1,SVM - IZSVM (76)

After evolving the per material meshes and the single velocity mesh, the
material polygons from the per material meshes are remapped into the single
velocity mesh. The overfill is then computed on the single velocity mesh using
equation 22 and the contact forces are computed using equations 37-38 or 77-
7?7 depending on whether the cells are pure or multi-material. This is the same
procedure as used in the predictor step.

12



Re-FEvolution of Per Material Meshes

At

1
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(81)
Evolution of Thermodynamic Variables
n+1 _n n+1
Ti+1/2,mat — ¥Yi+1/2,mat ’ V;'+1/2’mat/Mi+1/2,mat (82)
n+1 . n _
Ei+1/2,mat - Ei+1/2,mat
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M1 /2mat §¢i+1/2’m“t “ (P 1/2,mar F Pis12,mat) Wik 1, mar — Yigmat )T
i ,ma
1 FC n+1/2 FC n+1/2 83
2 Z ( imat " Yimat T Lit1mat - ui+1,mat) (83)
mateC;
n+1 _ n+1 n+1
Dit1/2 mat = P(Ti+l/27mat’ 8i+1/27mat) (84)

In the corrector step, there exists the option to remap the material quantities
to a new universal mesh. For problems with void present, this remap step is
mandatory.

5 Results

5.1 Modified Sod Shock Tube

We consider the modified Sod shock tube problem proposed by Shashkov in [5],
with initial conditions

(2, 1, 2,2, 0) if0<2<05

86
(14, 0.125, 2, 0.1, 0) f05<a<1 (86)

(v, p,8,pyu) = {

and a final time of tg,, = 0.2s. An analytic solution can be obtained through
solving the corresponding Riemann problem. Since this is a true multi-material
problem with an analytic solution available, this problem is used to test all the
components of our multi-velocity solution algorithm both independently and

13



together. Figures 3-6 show the comparison of the numerical and analytical
solution at time ¢ = 2s for the single velocity case, the single velocity with
remap case, the multi-velocity case, and the multi-velocity with remap case for
N, = 1000 cells.
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Figure 3: Numerical vs analytical solutions of the modified sod shock tube
problem using standard SGH with no remap step.
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Figure 4: Numerical vs analytical solutions of the modified sod shock tube
problem using standard SGH with a remap step.
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Figure 5: Numerical vs analytical solutions of the modified sod shock tube
problem using the new multi-velocity scheme with no remap step.
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Figure 6: Numerical vs analytical solutions of the modified sod shock tube
problem using the new multi-velocity scheme with a remap step.

These comparisons show that all components of our solution method work
as expected and converge to the analytic solution. Furthermore, we have shown
that the multi-velocity scheme properly replicates the correct behavior of stan-
dard SGH.

5.2 Stiff Gas Collision

A stiff gas collision test case was devised that allows us to test our contact
forces, void closure, and void opening. In this problem, two identical stiffened
gas “blocks” are separated by void. The blocks have initial velocities pointing
towards each other. The blocks will move through the void, come into contact,
and then separate after pressure waves move through them. As the blocks
begin to separate, void will form in the space between them. The problem
should ideally remain symmetric at all times as both blocks have the same
initial states and equal and opposite velocities. The initial conditions are

(44, 2,0, 5, 1) if0<z<0.25
void else

and the final time is tg,, = 1.0s.
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Figures 7-9 show the initial condition, the solution at the time of first contact,
the solution slightly after first contact, and the solution after the materials have
separated. As can be seen in the figures the solution remains symmetric and
qualitatively behaves as expected.
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Figure 7: Initial condition for the stiff gas collision problem.
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pressure

Figure 8: First impact between materials for the stiff gas collision problem.
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Figure 9: Separation of the two materials after collision.
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5.3 Stiff Gas Separation: Multi vs Single Velocity

In order to demonstrate the advantages of the multi-velocity method as op-
posed to single-velocity ALE, we demonstrate a stiff gas separation case. In this
problem, two identical stiffened gas “blocks” are adjacent to each other, with
velocities equal in magnitude pointing away from one another. The expected
behavior is that the blocks immediately, cleanly, and symmetrically separate
from each other. To demonstrate the advantage of multi-velocity, this case is
tested with both multi-velocity and single velocity ALE. The initial conditions
are

(44, 2,0, 5, 1) if0<2<05

88
(44,2, 0,—5, 1) f05<z<1 (88)

(7, PP, U, Do) = {
and the final time is tgn, = 0.0010s.

Figure 10 shows the initial conditions, figure 11 shows the evolution of the
system after 0.0010s for the multi-velocity method, and figure 12 shows the
evolution of the system after 0.0010s for the single-velocity method. As can be
seen in figure 11, the multi-velocity ALE method allows the two stiffened gasses
to separate from each other and is able to inject void, as is qualitatively expected.
In figure 12, the single-velocity ALE method fails to allow the materials to
separate, as the interface node shares a velocity between materials.
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Figure 10: Initial condition for Stiff Gas Separation problem.
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Figure 11: 0.0010s of evolution for the stiff gas separation problem using the
multi-velocity method
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Figure 12: 0.0010s of evolution for the stiff gas separation problem using the
single-velocity method

5.4 Sedov-Like Explosion Wave with Flyer Plates

To test the robustness of our algorithm and simulate a potential problem of
interest, we consider the Sedov-like explosion wave problem described in [6].
For this problem, there is a region of ideal gas in the left of the domain, with
a point explosion in the first computational cell, and a system of flyer plates
separated by vacuum to the right. The initial conditions are
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(3, 1,100, 66.7, 0, 0) in first cell
(3, 1, IE-9, 6.7TE-10, 0, 0) if-4<z <1
(4.4, 2, 0.647, 0, 0,1) if-1<2<05 05<z<1,2<x<25

void else

(7, Py, D5 U, Do) =

(89)

and the final time is tgna = 12s. The solution to this problem at various key

timesteps is shown in figures 13-19. Contact between the initial pressure wave

from the explosion and the flyer plates can be seen. Multiple material contacts
and void closures and openings can be seen as well.
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Figure 13: Initial condition for Sedov problem.
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Figure 14: First contact between the pressure wave in the ideal gas and the
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leftmost flyer plate.
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Figure 15: First contact between the first and second flyer plates.

22



sedov REMAP MULTI-VELOCITY

4 8
[ y—
— mata o506
[
3 — et =3 5804 6 — mata o506
m— VOID, t=5.5864 T s \VOID, t=5.5864
— o, 53864 — Voo, =5564
— Vo, t=s.5864 — VoD, t=5585¢
22
G N w 4 o
c
51 2]
kel
1 -
2
0 o ———
04 - -
T T T T T T T T T T T
-4 -2 2 4 6 8 -4 -2 0 2 4 6 8
X X
1.5
[
— mat2, 5 5864
— a3, 55864
— s, 5 5664
1.0 4 — VOID, £=5.5854
— VoD, t=5.585¢
° . — Voo, =5564
5 £ /
2 8 051
[ [
s >
0.0 1 -
_05 4
=1.0 = T T T T =0.5 T T T T T
-4 -2 2 4 6 8 -4 -2 0 2 4 6 8
X X

Figure 16: Reopening of void between first and second flyer plates.
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Figure 17: First contact between
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Figure 18: Second contact between first and second flyer plates, and void
opening between second and third flyer plates.
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Figure 19: Final condition for Sedov problem. The flyer plates have separated
and void spaces have opened between them.
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6 Summary and Conclusions

We have developed a one-dimensional Arbitrary Lagrangian-Eulerian (ALE)
hydrodynamics code with Multi-Velocity capabilities that can successfully assign
materials their own individual velocities, as opposed to previous ALE methods
where all materials share a single velocity. Our multi-velocity method is able to
properly simulate one-dimensional contact mechanics, namely materials being
able to come into contact and separate from one-another, as opposed to single-
velocity ALE methods which cannot simulate material separation.

This is made possible by the application of a contact force to individual mate-
rials when overfill occurs, which is derived such that material-wise positions and
velocities match exactly. We consider a Staggered-Grid Hydrodynamics (SGH)
formulation and evolve thermodynamic quantities in a Lagrangian timestep us-
ing a discretized predictor-corrector scheme, which is optionally followed by
a remap to a universal mesh. This remapping to a universal mesh, which we
choose to be an equidistant set of points along the problem domain, is necessary
in situations where void must be injected or removed. We test our method on
a variety of test cases, showcasing how the results of our method converges to
analytical results, when available, and qualitatively matches expected behaviors
while conserving total energy.

While total energy is conserved by our method, both within the Lagrangian
timestep and the remapping procedure, it is important to note that not all
quantities are conserved by the remapping procedure. An ideal remapping pro-
cedure conserves mass, momentum, internal energy, kinetic energy, and total
energy, however, in-reality this is an over-constrained problem. While we can-
not conserve all five of these quantities, we can choose to conserve three of them
(namely mass, momentum, and total energy), through the usage of a kinetic
energy fix procedure.

While our work is able to allow for multi-velocity and contact mechanic
capabilities in one-dimensional ALE hydrodynamics, further work is required
to expand this work to allow for multi-velocity hydrodynamics in two and three
dimensions. We suspect that the derivation of a contact force is much more
complicated in higher dimensions, and that it may not necessarily be able to be
computed in only one ‘pass’. In two and three dimensions, much more interesting
contact mechanics behaviors, namely tangential sliding, can be simulated. This
is necessary for the integration of contact mechanics capabilities within ALE-
based multiphysics codes.
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Appendix A: Energy Conservation

For total energy conservation, we require that AKE = —AIFE. For a material
mat and point p the momentum equation update can be written as

n+1 n

u mat U ,mat n
Mp mat L At L = § (Fp,mat)zp (90)
2€Z(p)

where (Fpmt)gp is the sub-zonal material corner force. The half timestep ve-

locity is defined as
n+1

n+1/2 uz,mat + up,mat 91
pap = bt s pmal, (91)
Multiplying through the momentum equation
n+1 )2 _
p,mat p,mat n n+1/2
Zmp,mat A - Z Z p,mat zpWp,mat
P z€Z(p)
n n+1/2
A-K-E’mat = Z Z D, mat zpUp mat
P z€Z(p) (92)
_AIE Z Z n n+1/2
mat — p m,at zpUp,mat
P zeZ(p)
n +1
€ mat z ,mat n n+1/2
7Zmz mat— A, — Z Z pmat zpUp,mat
Z pEP(z)
The internal energy update for each material in a given zone is
s, t — €% mat +1/2
z,ma z,mat __ n n
Mzmat— = =~ Z (Fp.mat)Zp Uy mat - (93)
pEP(2)
For standard SGH, this reduces to
En+1 - en . +1/2
z,ma z,ma n
mz,matT = _¢z7matpz,mat Z Up mat Sn (94)

PEP(2)

where S7 is a direction vector pointing from the cell center to the point in
1D.

For multi-velocity with contact forces, equation 93 is modified to allow for to-
tal energy exchange between materials. If we enforce that AKE,,,,y = —AIE 4
for each material, this will by construction result in the total energy of each
material remaining constant throughout the simulation. In some cases, this
is correct behavior, but in general materials will exchange energy and the per
material total energy will change over time. One such example is a standard
shock tube problem. In a shock tube problem, the material in the driver sec-
tion initially has more total energy than the material in the driven section. As
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time passes, the driver section material will lose some of its total energy as it
is exchanged with the material in the driven section. For multi-velocity total
energy conservation, it is instead necessary to enforce that

Nmat Numat
> AKEpe=— Y AlEpq, (95)
mat mat

the total change in kinetic energy over all materials must equal the total change
in internal energy over all materials. The change in kinetic energy for a material
in a multi-velocity system can be written as

A[(E/‘nmt = Z Z (¢z,matpz,mat5’gp =+ chjmat)u;jnla/f (96)
z pEP(2)

which gives the change in kinetic energy due to contact forces for a material as

n+1/2
AKEgat = Z Z F}S’matup;%c{t . (97)
Z pEP(2)

The multi-velocity internal energy update including contact forces is listed in
equations 66 and 83. This formulation has been tested and verified to work for
two materials with arbitrary volume fraction.

Appendix B: Notes on the Remap

There are many potential ways of remapping the nodal velocity and performing
the kinetic energy fix. We found the most success in doing a cell based velocity
remap (as described in §4.4). We also found the most success using a cell
based kinetic energy fix for the single velocity case and a node based kinetic
energy fix for the multi-velocity case. The algorithm for the node based kinetic
energy fix was inspired by [4]. In this, a nodal kinetic energy obtained from
the conservatively remapped kinetic energy and another nodal kinetic energy
obtained from the remapped velocity are constructed. The nodal difference
between the conservatively remapped kinetic energy and kinetic energy obtained
from remapped velocity is then added to the internal energy of neighboring
cells based on a weighting of their specific internal energies. This led to a
more accurate distribution of energy between cells. We found that when we
did a simple cell based kinetic energy fix for the multi-velocity case, it would
occasionally lead to artificially low and high regions of specific internal energy,
while still conserving the total energy.

Appendix C: Pure Cell Contact Force Derivation
The pure cell contact force equations (Equations 42 and 43) can be shown to

be derived from the general form of a contact force (Equation 37) as follows.
Consider the general form of a contact force
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FC mi,matFi,SVM 2

— n n
i,mat + Ktmi7mat(ui7SVM - ui,mat) - Fi7mat (98)
Emat My, mat
In the pure cell case, we can assume that u;' gy s = 4,44 It is known that
Fisvm = ®i1/2.matPi—1/2,maty, — Pit1/2,matpPit1/2,maty- Let us consider

solving for the contact force for material maty, which means that F; ;. =
®i—1/2,mat 1, Pi—1/2,mat;, » Which yields:

FC . mi,matL(¢i71/2,matLpi71/2,matL - ¢i+1/2,matRpi+l/2,matR)
i,maty —
’ ™Mi matr, + Mi matgr

- ¢i71/2,matLpi71/2,matL (99)

c _
= Fi,matL = [mi,matL(¢i71/2,matLpi71/2,matL - ¢i+1/2,matRpi+l/2,matR)

- ¢i—1/2,matLpi—l/2,matL (mi,matL + mi,matR)]/(mi,matL + mi,matR>

(100)
— FC _ _¢i+1/2,matRpi+1/2,matRmi,matL - ¢'L—1/2,matLpi—1/2,matLmi,matR
mats ™Mi maty, + ™Mi matgr

(101)

For the left material, the overfill is given by
Omat, = x?;im - x?g\l/M (102)

Which is equivalent to
9 o At? ¢i71/2,matLpi71/2,matL
maty, — ¢i71/2,matL T( Mty

_ ¢i—1/2,matLPi—1/2,matL - ¢i+1/27matRpi+1/2,matR) (103)

™M, matL + Mi,matR
At?
= Omat, = [¢i71/2,matL 5 (¢i71/27matLpifl/2,matL (mi,matL + mi,matR)

— Mimaty (¢i—1/2,matLpi—1/27matL - ¢i+1/2,matapi+1/2,mat3)}

/(mi7matL (mi,matL + mi7matR)) (104)

At?
= Omat, = ¢i71/2,mat1, ol [¢i+1/2,matRpi+1/2,matRmi,matL

+ ¢i71/2,matLpi71/2,matLmi,matR}/mi,matL (mi,matL + mi,matR)

(105)
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From this point, we find that multiplying 6,,4:, by ¢’_72*mi’m”L

—1/2,matp, At?

yields

—2 % ™Mi maty, omatL
2
Gi—1/2,mat; At

*¢z‘+1/2,matRpi+1/2,matRmi,matL - ¢¢—1/2,matLpz'—1/2,matL M, matgr

(106)

Mi maty, + Mi matgr

Which is equivalent to Equation 101, from which we arrive to the pure cell
contact force for maty:

—2%my + 0 t
FC — r,matr ¥Ymaty, (107)
bmats Bi—1/2,mat, At
As was show in equation 44. A similar approach can be used to prove the
validity of equation 45, the pure cell contact force for matg.
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